Abstract-The third-order version of Nédélec's first family of curl-conforming elements over simplices is presented. Following the definition of the element given by Nédélec, the third-order vector basis functions are deduced. The elements thus obtained exhibit some important differences with respect to other higher-order curl-conforming elements appeared in the literature. Among other features, the proposed third-order curl-conforming finite element leads to better conditioned finite-element method matrices.
Third-Order Nédélec Curl-Conforming
Finite Element and three-dimensional (3-D) simplices is presented. It should be emphasized that the third-order element presented here, in contrast to other implementations appeared in the literature, follows rigorously the element definition given in [1] , leading, among other features, to better conditioned FEM matrices.
II. THIRD-ORDER NéDÉLEC ELEMENT
The finite-element definition given in [1] is made in terms of a domain , a space of functions and a set of degrees of freedom (dof) acting as linear functionals on that space of functions. In the following, the presentation of the third-order element is done in the 3-D context, i.e., the domain considered is a tetrahedron. The third-order triangular element is easily obtained specializing the 3-D definitions to a face of the tetrahedron.
The space of functions for the third-order element is denoted as , which is the space of vector polynomials of order 3 that satisfy certain constraints (i.e., the so called Nédélec constraints). Thus, the polynomials of are not complete. It may be seen that the vector polynomials of are given by (1) , as shown at the bottom of the next page.
Note that for a given polynomial of , 45 independent coefficients have to be determined, i.e., the dimension of is 45. Thus, the number of degrees of freedom of the tetrahedral element is 45, and 45 is also the number of vector basis functions belonging to that should be chosen . For the 2-D case, vector polynomials of would be given by (1) but considering only the first two vector components and discarding any term with the coordinate, leading to 15 coefficients. Thus, the number of degrees of freedom of the triangular element is 15.
It should be emphasized that in this paper the vector basis functions are obtained from the element dof definitions. The definition of the degrees of freedom of a finite element (that has been neglected by other authors) is a fundamental issue in order to understand how boundary conditions should be imposed. It also allows to simplify given post-processes. Specifically, the vector basis functions are obtained by imposing the interpolatory character of the basis functions with respect to the definition of the degrees of freedom [given in (3)- (5)], i.e., for 3-D (or 15 for 2-D) (2) where stands for the th functional defining the th dof of the element. Note that (2) represents a system of equations for each basis function where the unknowns are the coefficients mentioned above (i.e., the 45 coefficients of (1) functions are completely determined. It should be stressed that the unisolvency of the finite element [1] implies that the basis functions obtained following the above procedure are linearly independent.
The definition of the dof functionals of the third-order Nédélec tetrahedral curl-conforming element is as follows: 18 dof associated to the six edges of the tetrahedron (i.e., 3 dof per edge) given by (3) 24 dof associated to the four faces of the tetrahedron (i.e., 6 dof per face) given by (4) and 3 dof associated to the volume of the tetrahedron given by (5) where stands for the vector unknown (e.g., the magnetic field), for the space of polynomials of order in -dimensions, for the unit vector along the direction of the edge and for the unit vector normal to the face. It is worth noting that the dof associated to the volume are internal to the element and, thus, they will not be involved in the FEM assembly procedure. For the triangular case and specializing the above dof definitions to a face of the tetrahedron, 9 dof associated to the edges (3 dof per edge) and 6 dof associated to the triangle area itself (internal to the element) are obtained. Obviously, there are no degrees of freedom of the third type (5) .
It is worth noting that the previous definitions of degrees of freedom are not ready to be used in a finite element code. They must be discretized. The discretization is performed by means of the choice of a basis for each one of the polynomial spaces, , , appearing in (3)-(5). Thus, the practical FEM dof definition is made in terms of momentums (of different order) over the adequate components of the unknown . Specifically, the components involved in the definitions of the degrees of freedom associated to the boundary of the element [i.e., (3) and (4) ] are the components tangential to that boundary. Thus, the tangential continuity between elements may be easily imposed in the FEM assembly procedure. However, care must be taken with the local definitions of the vector quantities involved in the dof definition, specially when the basis functions are obtained in the parent element. Namely, unit vectors along the directions of the edges, , normal to the faces, and the directions of the polynomial vectors of dof associated to faces, should be adequately chosen.
It is worth noting that some freedom exists for the choice of the basis for ,
, . An example of a basis for over the face is the choice of the monomial basis (1, , ) for each one of the two components of the polynomial vectors in . Another basis with better characteristics is the one built with the Lagrange polynomials ( , , ). Also, hierarchical face vector basis functions may be obtained by the choice of a suitable hierarchical basis of polynomials in (e.g., Legendre polynomials). In addition, some directions must be chosen for the vectors over each face of the tetrahedron and in its volume. An alternate definition for the dof associated to the edges (3) made in terms of the value of the component of the unknown tangential to the edges in given points (nodes) along the edges may be used (6) This alternate definition for the edge dof is a consequence of a property satisfied by the polynomial vectors : namely, ( ) is of order 2 along the edges. Hence, being ( ) along the edges a second order polynomial, this polynomial is completely determined by 3 momentums of up to order 2, but also by its value in 3 given points. This alternate definition corresponds to (6) where a weight and the length of the edge have been added for normalization purposes. Freedom exists in the location of the nodes.
The authors have focused on Lagrange bases for in (4) and the edge dof definition of (6) with nodes located at the three Gauss-Legendre integration points, which provide maximum accuracy and at the same time are not located at vertices. This location is also advantageous for given post-processes. The parent element of the third-order tetrahedral curl-conforming element presented here is shown in Fig. 1 . It corresponds to the choice of orthogonal directions for vectors and and Gauss-Legendre points for the nodes on edges. The parent element of the third-order triangular version is obtained by considering any of the four faces of the tetrahedron.
Plots of one of the edge basis function and one of the face basis function of the tetrahedral element are shown in Fig. 2 . The plots (and also the results shown in Table I ) correspond to basis functions obtained considering a Lagrange basis for . Two dimensional plots are shown for clarity purposes, specifically the plots show the component tangential to the face . Thus, they also correspond to examples of plots of the two types of triangular basis functions (edge and area-internal-basis
(1) functions). A plot of one of the volume basis functions of the tetrahedral element is shown in Fig. 3 . It is worth noting that the basis functions of the third-order element presented here are different from those proposed in the literature, which in most cases have been derived by inspection of the properties of polynomials in simplex coordinates, rather than from Nédélec's principles.
III. RESULTS AND CONCLUSION
A comparison of the condition number provided by the basis functions of the tetrahedral element presented in this paper and some other implementations appeared in the literature for tetrahedra is shown in Table I . It refers to the condition number (defined as the ratio of the maximum and minimum eigenvalue) of the matrices corresponding to the inner products of the vector basis functions in a finite element and of their curls, i.e., element mass matrix and stiffness matrix in FEM terminology, respectively. Specifically, Table I shows the condition number of the preconditioned matrices and obtained by normalizing the basis functions, i.e., , , where is a diagonal matrix with ). The results have been obtained discarding the zero eigenvalues of the stiffness matrix. It is worth noting that analogous results are obtained with FEM assembled matrices provided that a diagonal preconditioning is performed (a common procedure for any FEM practitioner). In order to show how the condition number varies with the aspect ratio of the elements, Table I compares results corresponding to the parent element of Fig. 1 and two elongated elements (obtained by stretching the parent element in the direction by a factor of 4 and 8).
As it may be seen in Table I , the condition number corresponding to the third-order element proposed in this paper is significantly lower than for the other third-order elements, thus providing a beneficial result in the solution stage of the large system of equations arising from FEM discretization.
